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Abstract
In the presence of gratuitous inducers, the lac operon of Escherichia coli exhibits
bistability. Most models in the literature assume that the inducer enters the cell
via the carrier (permease), and exits by a diffusion-like process. The diffusive influx
and carrier efflux are neglected. However, analysis of the data shows that in non-
induced cells, the diffusive influx is comparable to the carrier influx, and in induced
cells, the carrier efflux is 7 times the diffusive efflux. Since bistability entails the
coexistence of steady states corresponding to both non-induced and induced cells,
neither one of these fluxes can be ignored. Here, we formulate a model accounting for
both fluxes. We show that: (a) The thresholds of bistability are profoundly affected
by both fluxes. The diffusive influx reduces the on threshold by enhancing inducer
accumulation in non-induced cells. The carrier efflux increases the off threshold by
decreasing inducer accumulation in induced cells. (b) Simulations of the model with
experimentally measured parameter values are in good agreement with the data for
IPTG. However, there are discrepancies with respect to the data for TMG. They
are most likely due to two features missing from the model, namely, the variation
of the inducer exclusion effect and the specific growth rate with the lactose enzyme
levels. (c) The steady states and thresholds obtained in the presence of both fluxes
are well approximated by simple analytical expressions. These expressions provide a
rigorous framework for the preliminary design of the lac genetic switch in synthetic
biology.
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1 Introduction
The lac operon is a paradigm of the mechanisms controlling gene regulation.
This interest was stimulated by the hope that insights into the mechanism
of lac induction would shed light on the central problem of development,
namely, the mechanism by which genetically identical cells acquire distinct
phenotypes (Monod, 1947; Spiegelman, 1948).
Many of the early studies of the lac operon were concerned with the kinetics
of enzyme induction in the presence of gratuitous inducers, such as thiomethyl
galactoside (TMG) and isopropyl thiogalactoside (IPTG). The use of such
inducers was important because they enabled the kinetics of enzyme synthesis
to be separated from the masking effects of dilution. This was achieved by
growing the cells in a medium containing a gratuitous inducer (which promotes
enzyme synthesis, but not growth), and non-galactosidic carbon sources, such
as succinate, glycerol, and glucose (which support growth, but not enzyme
synthesis).
These early studies showed that the enzyme synthesis rate was not uniquely
determined by the composition of the medium. If glucose and TMG were added
simultaneously to a culture of E. coli ML30 growing on succinate, there was
almost no synthesis of β-galactosidase; however, if glucose was added 20 mins
after the addition of TMG, β-galactosidase was synthesized for up to 130
generations (Fig. 1a). Thus, enzyme synthesis is bistable: Pre-induced cells
remain induced, and non-induced cells remain non-induced.
Cohn and Horibata found that the existence of bistability depended crucially
upon the existence of lac permease (LacY): It disappeared in lacY − (cryp-
tic), but not lacZ−, mutants (Cohn and Horibata, 1959). They proposed that
bistability occurred due to the destabilizing effect of the positive feedback
generated by lac permease. More precisely, they observed that:
This permease not only accumulates galactosides intracellularly, but its syn-
thesis is induced by the galactosides, which it accumulates. The permease
may therefore be described as a “self-inducing” system, for which a general-
ized schema might be drawn.
This generalized schema, shown in Fig. 1b, was postulated before the molecular
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Figure 1. (a) Bistability during growth of E. coli ML30 on succinate, glucose, and
TMG (Cohn and Horibata, 1959, Fig. 4). If glucose and TMG are added simultane-
ously to a culture growing on succinate, there is no β-galactosidase synthesis (). If
glucose is added 20 min after the addition of TMG, the enzyme is synthesized ()
at a rate that is 50% of the rate observed when only TMG is added to the culture
(N). (b) Kinetic scheme proposed by Cohn and Horibata (Cohn and Horibata, 1959,
p. 611). Here, the enzyme represents lac permease; the substrate and product refer
to extracellular and intracellular TMG, respectively.
mechanism of induction was discovered by Jacob andMonod (Jacob and Monod,
1961).
Some years after the discovery of the induction mechanism, Babloyantz and
Sanglier formulated a mathematical model, which was based on the Cohn-
Horibata scheme, but described enzyme induction in terms of the now well
established Jacob-Monod mechanism (Babloyantz and Sanglier, 1972). They
showed that the model yielded the bistability observed in experiments. Chung
and Stephanopoulos formulated a similar model, the main difference being
that repressor-operator and repressor-inducer binding were assumed to be in
quasi-equilibrium (Chung and Stephanopoulos, 1996). This model is given by
the equations
dx
dt
= rs − rx − rgx, rs ≡ Vse
s
Ks + s
, rx ≡ kx (x− s) . (1)
de
dt
= r+e − r
−
e − rge, r
+
e ≡ Ve
1 +K2xx
2
1 + α +K2xx
2
, r−e ≡ k
−
e e (2)
where x and s denote the intracellular and extracellular TMG concentrations,
respectively; e denotes the permease activity; rg is the specific growth rate on
the non-galactosidic carbon source(s); rs is the specific rate of TMG uptake by
the permease; rx is the net specific rate of TMG efflux by diffusion; and r
+
e , r
−
e
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Figure 2. Bistability of the lac operon during growth of E. coli K12 MG1655 on
succinate and succinate + glucose (Ozbudak et al., 2004, Figs. 2b and 2c). (a) Bista-
bility during growth on succinate and various concentrations of extracellular TMG.
The (normalized) green fluorescence provides a measure of the steady state activ-
ity of the lac operon. The upper (resp., lower) panel shows the green fluorescence
observed when an induced (resp., non-induced) inoculum is grown exponentially on
a mixture of succinate and various concentrations of extracellular TMG. Bistabil-
ity occurs at extracellular TMG concentrations between the off and on thresholds
of 3 and 30 µM, respectively, defined as the extracellular TMG concentrations at
which <5% of the cells are in their initial state. (b) Bistability persists even if glu-
cose is added to the mixture of succinate and TMG. The lower (△) and upper (N)
curves show the off and on thresholds observed at various glucose concentrations.
The dashed curves show the thresholds predicted by the model with the parameter
values in Table 1.
denote the specific rates of permease synthesis and degradation, respectively.
The expression for r+e is based on a molecular model which assumes that the
lac operon contains one operator, and the lac repressor contains two identi-
cal inducer-binding sites (Yagil and Yagil, 1971). The parameter, Kx, is the
association constant for the repressor-inducer binding; and α is jointly pro-
portional to the intracellular repressor level and the association constant for
repressor-operator binding. Evidently, α is a measure of the repression, defined
as the ratio, r+e |x→∞ / r
+
e |x=0.
Although the experiments done by Cohn and coworkers provided clear evi-
dence of bistability during growth on TMG and succinate/glucose, they did
not investigate the variation of the enzyme levels with TMG and glucose levels,
and the effect of glucose on the key molecular mechanisms of lac regulation,
namely, CRP-cAMP activation and inducer exclusion. Recently, Ozbudak et
al. addressed these issues by inserting two reporter operons into the chromo-
some of Escherichia coli K12 MG1655 (Ozbudak et al., 2004).
• The reporter lac operon, placed under the control of the lac promoter, coded
for green fluorescent protein (GFP) instead of the lac enzymes. Thus, the
GFP intensity of a cell provided a measure of the lac enzyme level.
• The reporter gat operon, placed under the control of the constitutive gat
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Figure 3. Variation of the scaled red and green fluorescence intensities during ex-
ponential growth of E. coli K12 MG1655 in the presence of succinate, TMG, and
various concentrations of glucose. (a) The scaled red and green fluorescence inten-
sities are identical at all glucose concentrations (Ozbudak et al., 2004, Fig. 3b).
(b) The scaled red fluorescence intensity decreases with the concentration of glu-
cose (Ozbudak et al., 2004, Fig. 3a). The curve shows the fit to Eq. (25).
promoter, coded for the red fluorescent protein (RFP) instead of the gat
enzymes. The RFP intensity of a cell provided a measure of its CRP-cAMP
level.
To assess the effect of various TMG and glucose levels on lac bistability, they
exposed non-induced and induced cells to a fixed concentration of succinate,
and various concentrations of TMG and glucose. It was observed that:
(1) When the cells were grown in the presence of succinate and various con-
centrations of TMG, they exhibited bistability (Fig. 2a).
(2) This bistability persisted even if glucose was added to the mixture of
succinate and TMG, but the thresholds increased with the concentration
of extracellular glucose (Fig. 2b).
They also showed that both observations were mirrored by the bifurcation di-
agram for the modified Chung-Stephanopoulos model, obtained by neglecting
the diffusive influx (i.e., the term, kxs, in Eq. (1) was assumed to be zero).
To quantify the lac repression due to glucose-mediated reduction of CRP-
cAMP levels, they measured the average green and red fluorescence intensi-
ties of cells grown overnight in a medium containing a high concentration of
TMG, a fixed concentration of succinate, and various concentrations of glu-
cose. They found that the green and red fluorescence intensities, scaled by the
corresponding values observed in a medium containing no glucose, were equal
at all glucose concentrations (Fig. 3a). Furthermore, the normalized RFP in-
tensity decreased 5-fold at saturating glucose concentrations (Fig. 3b). Ozbu-
dak et al. assumed that the GFP intensity is proportional to the maximum
lac induction rate, and the RFP intensity is proportional to the CRP-cAMP
level. Given these two assumptions, it was concluded from Figs. 3a and b
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Figure 4. The kinetics of induction and diffusive influx in the cryptic mutant, E. coli
ML3 (Herzenberg, 1959, Figs. 1 and 4). (a) Variation of the scaled induction rate
with extracellular TMG and IPTG levels. The full curves show the fits to the data
obtained with Eq. (3) and the parameter values α = 40, αˆ = 1200, K−1x = 24 µM
for IPTG, and K−1x = 470 µM for TMG. (b) Existence and kinetics of the diffusive
influx. The cryptic mutant hydrolyzes ONPG, and the hydrolysis rate increases
linearly with the extracellular TMG level. The permease activity is expressed in
µmols min−1 gdw−1.
that the maximum lac induction rate is proportional the CRP-cAMP level,
and decreases 5-fold at saturating concentrations of glucose. This is somewhat
higher than the maximum possible cAMP-mediated repression in E. coli K12
MG1655. Recently, Kuhlman et al. found that during growth of this strain on
saturating concentrations of 0.5% glucose and 1 mM IPTG, variation of the
extracellular cAMP level from 0 to 10 mM produces no more than a 3-fold
change in lac expression (Kuhlman et al., 2007, Fig. 1B).
The modified Chung-Stephanopoulos model considered by Ozbudak et al. pro-
vides an excellent point of departure for quantifying lac bistability. However,
it suffers from three deficiencies.
The induction kinetics are incorrect The Yagil and Yagil model of lac
induction is not consistent with the structure of the lac operon and repres-
sor. Indeed, the lac operon contains two auxiliary operators, O2 and O3, in
addition to the main operator, O1, and the lac repressor contains four (not
two) inducer-binding sites (Lewis, 2005). Furthermore, these structural fea-
tures play a crucial role in the formation of DNA loops, the key determinants
of lac repression (Oehler et al., 1990, 1994) and induction (Oehler et al., 2006).
Molecular models taking due account of the 3 operators and 4 inducer-binding
sites yield the lac induction rate
r+e ≡ Ve
1
1 + α/ (1 +Kxx)
2 + αˆ/ (1 +Kxx)
4 , (3)
where Kx is the association constant for repressor-inducer binding, and α, αˆ
are related to the the repression stemming from repressor-operator binding and
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DNA looping, respectively (Kuhlman et al., 2007; Narang, 2007). Equation (3)
yields good fits to the induction curves obtained with various strains (Narang,
2007, Fig. 11) and gratuitous inducers (Fig. 4a).
The diffusive influx is absent It is well known that there is a diffusive
influx. Herzenberg showed the existence of the diffusive influx by measuring
the ONPG hydrolysis rate in wild-type and cryptic cells. 2 He found that even
cryptic cells hydrolyzed ONPG, and the hydrolysis rate increased linearly with
the extracellular ONPG concentration (Fig. 4b). It follows that gratuitous
inducers can enter the cells by a permease-independent mechanism, which can
formally be described by diffusive (first-order) kinetics.
Now, it may be permissible to neglect the diffusive influx in induced cells
because such cells contain such large permease levels that the inducer is im-
ported almost entirely by the permease. However, non-induced cells contain
only ∼0.1% of the permease in induced cells (Maloney and Wilson, 1973). In
such cells, it seems unlikely that the diffusive influx is negligible. As we show
below, this conjecture is supported by the data.
The carrier efflux is absent The existence of the carrier efflux was sug-
gested in early studies with gratuitous inducers (Koch, 1964). However, Mal-
oney and Wilson were the first to quantify its effect (Maloney and Wilson,
1973). To this end, they measured the steady state intracellular TMG levels
in cells induced to various levels, and then exposed to chloramphenicol plus
0.24 mM extracellular TMG. The data obtained, shown in Fig. 5a, cannot
be reconciled with models, such as the Chung-Stephanopoulos model, that
account only for the carrier influx and diffusion. Indeed, since enzyme synthe-
sis is blocked in the presence of chloramphenicol, the Chung-Stephanopoulos
model implies that the steady state intracellular TMG level is given by the
expression
x ≈ s+
(
V
kx
)
s
K1 + s
, V ≡ Vse, (4)
obtained from (1) by ignoring the negligibly small dilution term. It follows
that if cells containing various permease levels are exposed to chloramphenicol
and a fixed extracellular TMG level, the intracellular TMG level, x, should
increase linearly with V , the specific activity of the permease. However, the
experiments show that x increases linearly only if V is small — it saturates
at large values of V (closed circles in Fig. 5a).
2 The ONPG hydrolysis rate in intact cells is proportional to the rate at which
ONPG (Herzenberg, 1959) or TMG (Maloney and Wilson, 1973, Fig. 1) permeate
the cell.
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Figure 5. Existence and quantification of the carrier efflux. (a) When E. coli K12
CA8000, induced to various levels, is exposed to chloramphenicol and 0.24 M extra-
cellular TMG, the steady state intracellular TMG level increases nonlinearly with
the permease activity (Maloney and Wilson, 1973, Fig. 5). The permease activity is
normalized by the activity of fully induced cells (43.5 µmoles TMG per min per mL
of cell water). The full curve shows the fit obtained from Eq. (5) with the experimen-
tally measured parameters, s = 0.24 mM, K1 = 0.8 mM, kx = 0.14 min
−1, and the
best fit parameter estimate, K2 = 84 mM. The dashed line shows the intracellular
TMG level predicted by Eq. (4). (b) Flux ratios estimated from (5). In fully induced
cells, the carrier efflux is ∼ 7 times the diffusive efflux. In non-induced cells, which
have a scaled permease activity of ∼0.001, the diffusive influx is comparable to the
carrier influx.
To resolve this discrepancy, Maloney and Wilson postulated that the permease
catalyzes both influx and efflux, i.e., the steady state intracellular TMG level
satisfies the equation
0 = V
(
s
K1 + s
−
x
K2 + x
)
− kx (x− s) , (5)
where the term, V x/(K2 + x), accounts for the carrier efflux. They measured
K1, kx, and showed that (5) yields a good fit to the data, provided K2 is chosen
to be 84 mM (full curve in Fig. 5a).
With the help of Eq. (5), they explained their data as follows. If the cells
have low enzyme levels, the intracellular TMG levels are so small compared
to K2 that the carrier efflux is negligible. Thus, (5) reduces to (4), and the
intracellular level increases linearly with V (dashed line in Fig. 5a). However,
at large enzyme levels, the intracellular TMG level becomes so high that the
steady state is completely determined by the first two terms of (5), namely, the
carrier influx and efflux. The intracellular TMG level is therefore independent
of the enzyme activity.
The foregoing physical argument assumes that the carrier efflux is negligible
in non-induced cells, and diffusion is negligible in induced cells. These assump-
tions are consistent with the mathematical model. Indeed, given Eq. (5) and
the above parameter values, we can plot the two ratios, carrier efflux:diffusive
efflux and diffusive influx:carrier influx, as a function of the enzyme activity
8
(Fig. 5b). The plots show that in induced cells, the carrier influx is ∼1000
times the diffusive influx (full line), and the carrier efflux is almost ∼7 times
the diffusive efflux (dashed line). In non-induced cells, on the other hand, the
carrier efflux is negligible compared to the diffusive efflux, but the diffusive
influx is comparable to the carrier influx.
It is therefore clear that the carrier efflux cannot be ignored in induced cells,
and the diffusive influx cannot be neglected in non-induced cells. Since bista-
bility entails the coexistence of steady states corresponding to both induced
and non-induced cells, neither the carrier efflux nor the diffusive influx can
be neglected. Yet, one or both the fluxes have been ignored in most models
of lac bistability (Chung and Stephanopoulos, 1996; van Hoek and Hogeweg,
2006; Narang and Pilyugin, 2007; Ozbudak et al., 2004; Santilla´n et al., 2007;
Tian and Burrage, 2005). To be sure, both fluxes were included in one of the
models (Vilar et al., 2003), but their influence on bistability was not analyzed.
The goal of this work is analyze this effect.
Recently, we studied the effect of DNA looping on the dynamics of the mod-
ified Chung-Stephanoupoulos model (Narang and Pilyugin, 2007). Here, we
formulate and analyze an extended model of lac transcription that takes due
account of DNA looping as well as the diffusive influx and the carrier efflux.
We find that:
(1) The diffusive influx has no effect on the off threshold, but it significantly
reduces the on threshold.
(2) The carrier efflux has no effect on the on threshold, but it significantly
increases the off threshold.
We show that the on and off thresholds can be represented by simple analytical
expressions.
2 Model
Fig. 6 shows the kinetic scheme of the model. Here, E denotes lac permease;
S and X denote the extracellular and intracellular inducer, respectively; GFP
and RFP denote the green and red fluorescent protein synthesized by the
reporter lac and constitutive gat operons, respectively; and GLU, SUC, GLY
denote glucose, succinate, and glycerol. We assume that:
(1) The concentrations of the permease, intracellular inducer, GFP, and RFP,
denoted e, x, g, and r, respectively, are based on the volume of the cells
(mol L−1). The concentrations of the extracellular inducer and glucose,
denoted s and G, respectively, are based on the volume of the reactor
9
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Figure 6. Kinetic scheme of the model.
(mol L−1). The rates of all the processes are based on the volume of the
cells (mol h−1 L−1). We shall use the term specific to emphasize this
point.
The choice of these units implies that if the concentration of any intra-
cellular component, Z, is z mol L−1, then the evolution of z in batch
cultures is given by
dz
dt
= r+z − r
−
z − rgz
where r+z and r
−
z denote the specific rates of synthesis and degradation
of Z in mol h−1 L−1, and rg is the specific growth rate in h
−1.
(2) The specific growth rate is given by
rg ≡ rg0φg(G),
where rg0 denotes the specific growth rate in the absence of glucose (i.e.,
in the presence of pure succinate), and φg(G) is an increasing function
of the extracellular glucose concentration, G, satisfying φg(0) = 1, which
accounts for the increase of the specific growth rate produced by addition
of glucose to a culture growing on succinate.
(3) The saturation constant for carrier efflux,K2, is so large that x/(K2+x) ≈
x/K2. Hence, the net carrier-mediated specific uptake rate of S is
rs ≡ Vs0φs(G)e
(
s
K1 + s
−
x
K2
)
,
where Vs0e is the specific activity of the permease in the absence of glu-
cose, and φs(G) is a decreasing function of G such that φs(0) = 1, which
accounts for the reduction of the specific activity due to inducer exclusion.
(4) The net specific rate of expulsion of X by diffusion follows the kinetics
rx ≡ kx (x− s) .
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(5) The intracellular inducer stimulates the transcription of the native and
reporter lac operons, resulting in the synthesis of the lac enzymes and
GFP, respectively.
(a) The specific synthesis rate of the permease, E, is
re ≡ Ve0φe,lac(G)
1
1 + α/ (1 +Kxx)
2 + αˆ/ (1 +Kxx)
4 , (6)
where Ve0 is the specific synthesis rate in fully induced cells growing
on succinate (G = 0); φe,lac(G) is a decreasing function of G satisfying
φe,lac(0) = 1, which accounts for the repression of transcription due
to reduction of CRP-cAMP levels in the presence of glucose; Kx is
the association constant for repressor-inducer binding; and α, αˆ char-
acterize the repression due to repressor-operator binding and DNA
looping, respectively.
The values of α and αˆ are 20–50 and∼1200, respectively, which reflect
the fact that more than 95% of the total repression, 1+α+ αˆ, is due
to the formation of DNA loops (Oehler et al., 1990, 1994). The dis-
sociation constant for repressor-inducer binding, K−1x , is 7–30 µM for
IPTG (Narang, 2007, Table 1). It is 10 times higher for TMG, based
on a simple analysis of the data with Scatchard plots (Barkley et al.,
1975, Table I). A similar estimate is obtained when Eq. (3) is used
to fit the data shown in Fig. 4a. Assuming α = 40 and αˆ = 1200, the
best fits to this data are obtained when the dissociation constants for
IPTG and TMG are assumed to be 24 and 470 µM, respectively.
(b) The specific synthesis rate of GFP is
rGFP ≡ Ve0φe,lac(G)
1
1 + α/ (1 +Kxx)
2 + αˆG/ (1 +Kxx)
4
,
where αˆG < αˆ. This expression is obtained by assuming that the
promoters of the reporter and native lac operons are identical, so
that both operons have the same maximum specific synthesis rates
in the absence of glucose, and are subject to the very regulation
by CRP-cAMP and repressor-operator binding. However, the two
operons differ with respect to regulation by DNA looping because the
reporter lac operon lacks the auxiliary operator, O2. This precludes
the formation of DNA loops by interaction between O1 and O2.
Ozbudak et al. estimated the total repression of the lac reporter,
1 + α + αˆG, to be 170 (Ozbudak et al., 2004), which implies that
αˆG ≈ 130.
(6) The specific synthesis rate of RFP follows the constitutive kinetics
rRFP ≡ Vr0φe,gat(G),
where Vr0 is the specific synthesis rate of RFP in the absence of glucose,
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and φe,gat(G) is a decreasing function of G such that φe,gat(0) = 1, which
accounts for the CRP-cAMP effect exerted in the presence of glucose.
(7) Protein degradation is negligible.
Given these assumptions, the mass balances yield
dx
dt
= Vs0φse
(
s
K1 + s
−
x
K2
)
− kx (x− s)− rg0φgx, (7)
de
dt
= Ve0φe,lac
1
1 + α/ (1 +Kxx)
2 + αˆ/ (1 +Kxx)
4 − rg0φge, (8)
dg
dt
= Ve0φe,lac
1
1 + α/ (1 +Kxx)
2 + αˆG/ (1 +Kxx)
4
− rg0φgg, (9)
dr
dt
= Vr0φe,gat − rg0φgr. (10)
It is convenient to rescale these equations. Ozbudak et al. scaled the GFP
and RFP intensities by the corresponding intensities observed during steady
exponential growth on succinate and excess TMG, but no glucose. Under these
conditions, Eqs. (8)–(10) imply that e, g, and r have the values Ve0/rg0, Ve0/rg0,
and Vr0/rg0, respectively. Thus, we are led to define the dimensionless variables
ǫ ≡
e
Ve0/rg0
, γ ≡
g
Ve0/rg0
, ρ ≡
r
Vr0/rg0
.
If we scale the remaining variables, x and t, as follows,
χ ≡
x
K−1x
, τ ≡
t
r−1g0
,
we arrive at the dimensionless equations
τx
dχ
dτ
= δm0φsǫ
(
σ
κ1 + σ
−
χ
κ2
)
− (χ− σ)− τxφgχ (11)
dǫ
dτ
= φe,lacf(χ)− φgǫ, f(χ) ≡
1
1 + α/ (1 + χ)2 + αˆ/ (1 + χ)4
, (12)
dγ
dτ
= φe,lach(χ)− φgγ, h(χ) ≡
1
1 + α/ (1 + χ)2 + αˆG/ (1 + χ)
4 , (13)
dρ
dτ
= φe,gat − φgρ, (14)
with the dimensionless parameters,
τx ≡
rg0
kx
, σ ≡
s
K−1x
, κi ≡
Ki
K−1x
, δm0 ≡
Vs0 (Ve0/rg0) /kx
K−1x
. (15)
Here, τx is the ratio of the time constant for inducer expulsion by diffusion
(k−1x ) relative to the time constant for growth on succinate (r
−1
g0 ); σ is the ex-
tracellular inducer concentration, measured in units of K−1x ; κ1 and κ2 are the
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saturation constants for carrier uptake and expulsion, respectively, measured
in units of K−1x .
The parameter, δm0, is related to the steady state intracellular inducer level
attained in fully induced cells exposed to chloramphenicol, succinate, and sat-
urating inducer levels, if the carrier efflux is somehow abolished. Indeed, since
rg,0 = 0.4 h
−1, kx = 0.14 min
−1, and φg . 2, the dilution term, τxφgχ, in (11)
is negligibly small compared to the diffusive efflux, χ. The steady states are
therefore given by the relations
χ =
σ + δm0φsǫσ/(κ1 + σ)
1 + δm0φsǫ/κ2
, (16)
ǫ =
φe,lac
φg
f(χ), (17)
γ =
φe,lac
φg
h(χ), (18)
ρ =
φe,gat
φg
. (19)
Equation (16) provides the steady state intracellular inducer level in cells
exposed to fixed concentrations of chloramphenicol and succinate, and any
given concentrations of extracellular inducer and glucose. If the carrier efflux
is somehow abolished (κ2 →∞), and the medium contains no glucose (φs = 1),
the steady state intracellular inducer level is given by the equation
χ = σ + δm0ǫ
σ
κ1 + σ
. (20)
If the cells are fully induced (ǫ = 1) and the extracellular inducer level is
saturating (σ ≫ κ1), the above equation becomes
χ = σ + δm0 ≈ δm0,
where the first term was neglected because in induced cells, the diffusive influx
is vanishingly small compared to the carrier influx. Thus, δm0 is the steady
state intracellular inducer level, measured in units of K−1x , that is attained in
fully induced cells exposed to chloramphenicol, succinate, and saturating levels
of extracellular inducer, provided the carrier efflux is somehow abolished.
We can estimate the value of δm0K
−1
x by observing that (20) is the dimension-
less analog of (4). Indeed, multiplying (20) by K−1x yields the relation
x = s+K−1x δm0ǫ
s
K1 + s
,
13
which, upon comparison with (4), gives
K−1x δm0ǫ =
V
kx
.
Since V = 43.5 µmoles min−1 mL−1 in fully induced cells, we conclude that
δm0K
−1
x = V/kx = 310 mM.
If the medium contains the inducer, succinate, and possibly glucose, but no
chloramphenicol, enzyme synthesis is not blocked. Instead, it responds to the
prevailing intracellular inducer concentration, and the enzyme level evolves to-
ward the steady state given by (17). In this case, the steady state intracellular
inducer level satisfies the relation
χ =
σ + δm(G)f(χ)σ/(κ1 + σ)
1 + δm(G)f(χ)/κ2
, δm(G) ≡ δm0φ(G), φ(G) ≡
φsφe,lac
φg
, (21)
obtained by substituting (17) in (16). Here, φ(G) ≤ 1 captures the cumulative
effect of glucose due to inducer exclusion, catabolite repression, and enzyme
dilution; and δm(G) is a measure of the steady state intracellular inducer level
in fully induced cells exposed to succinate, glucose, and saturating inducer
levels.
We are particularly interested in:
(1) The variation of the steady states with the extracellular inducer concen-
tration at any given glucose level (for example, G = 0, in Fig. 2a). This
is completely determined by Eq. (21): Given any σ and G, the equation
can be solved for χ, which can then be substituted in (17)–(18) to ob-
tain the corresponding ǫ and γ. We shall refer to (21) as the equilibrium
condition.
(2) The variation of the thresholds with the extracellular glucose concen-
tration (Fig. 2b). These thresholds are the points at which the steady
state bifurcates (i.e., changes its stability or multiplicity). It is shown in
Appendix A that a steady state bifurcates only if it satisfies the relation
1 + δm
[
1
κ2
(f + χfχ)−
σ
κ1 + σ
fχ
]
= 0. (22)
We shall refer to this equation as the bifurcation condition.
Thus, the steady states are completely determined by the equilibrium con-
dition, whereas the thresholds must satisfy the equilibrium and bifurcation
conditions.
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3 Results and Discussion
3.1 The effect of dilution
To simulate the effect of the diffusion influx and the carrier efflux, we need the
function, φ(G) ≡ φsφe/φg. In the course of estimating this function, we shall
also resolve the discrepancy between the magnitudes of the cAMP-mediated
repression reported by Ozbudak et al. and Kuhlman et al.
It follows from (18) and (19) that when the cells are grown in the presence of
excess TMG, the ratio of the steady state GFP and RFP intensities is given
by
γ
ρ
=
φe,lac(G)
φe,gat(G)
.
Since this ratio was observed to be 1 all glucose concentrations (Fig. 3a), the
lac and gat operons respond identically to CRP-cAMP, i.e.,
φe,lac = φe,gat = φe, say. (23)
Moreover, the steady state RFP and GFP intensities are given by the equation
ρ = γ =
φe
φg
. (24)
It follows that the 5-fold decline of ρ and γ at saturating glucose concentra-
tions, shown in Fig. 3b, represents the combined effect of reduced CRP-cAMP
levels and enhanced dilution (as opposed to the the sole effect of reduced
CRP-cAMP levels).
The effect of the reduced CRP-cAMP level, φe, cannot be estimated unless
the effect of enhanced dilution, φg, is known. Ozbudak et al. did not report
the specific growth rates at various glucose concentrations, but experiments
show that (Narang et al., 1997):
• When E. coli K12 is grown on saturating levels of succinate + glucose, the
cells consume only glucose during the first exponential growth phase.
• The maximum specific growth rate on glucose (0.74 h−1) is roughly 2 times
that on succinate (0.44 h−1).
It follows that at saturating glucose concentrations, φg ≈ 2. Since ρ ≈ 1/5
under these conditions, (24) yields φe = ρφg = 2/5. Thus, roughly half of the 5-
fold decline in Fig. 3b is due to the enhanced dilution rate at saturating glucose
concentrations. Reduction of the CRP-cAMP levels accounts for the remaining
2.5-fold decline, which is consistent with the data obtained by Kuhlman et al.
15
Table 1
Parameter values used in the simulations. All the parameter values, except K−1x ,
are assumed to be the same for TMG and IPTG.
Parameter Value and reference
K1 0.68 mM (Ozbudak et al., 2004)
K2 84 mM (Maloney and Wilson, 1973)
K−1x 0.3 mM for TMG (Herzenberg, 1959)
0.007 mM for IPTG (Oehler et al., 2006)
α 40 (Oehler et al., 1994)
αˆ 1200 (Oehler et al., 1994)
αˆG 130 (Ozbudak et al., 2004)
φe/φg See Eq. (25)
φs See Eq. (26)
δm0 310/K
−1
x (Maloney and Wilson, 1973)
In view of (24), we can assume that
φe
φg
= 1− 0.84
G
7.6 +G
, (25)
which represents the best fit obtained to the data in Fig. 3b.
It remains to specify the function, φs, which characterizes the intensity of in-
ducer exclusion. We assume that the saturation constants for inducer exclusion
and cAMP activation/dilution are the same (7.6 µM). Experiments show that
the lactose uptake rate decreases 2-fold in the presence of high glucose concen-
trations (McGinnis and Paigen, 1969, Fig. 3). Thus, we are led to postulate
the expression,
φs = 1− 0.5
G
7.6 +G
. (26)
We shall discuss the implications of the foregoing assumption later on.
3.2 The effect of the diffusive influx and carrier efflux
All the parameters required to study the effect of the diffusive influx and carrier
efflux are now available (Table 1). Most of the simulations shown below were
done with the parameter values for TMG. However, at the end of this section,
we shall show the simulation for IPTG, and compare it with the experimental
data.
(a) (b)
Figure 7. Variation of the steady states with the extracellular TMG level, σ, at
G = 0 in the absence of diffusive influx and carrier efflux. (a) Enzyme activity (full
line) and green fluorescence intensity (dashed line). (b) Intracellular TMG level.
We shall begin by considering the base case of no diffusive influx or carrier
efflux. To this base case, we shall add the diffusive influx and the carrier efflux,
one at a time, to examine their effects on the steady states and the thresholds.
Finally, we shall show that that the general model containing both fluxes is
essentially a composite of the two special cases accounting for the diffusive
influx and carrier efflux.
3.2.1 No diffusive influx or carrier influx
In the absence of the diffusive influx and the carrier efflux, the equilibrium
condition (21) becomes
χ = δm(G)f(χ)
σ
κ1 + σ
. (27)
We can determine the variation of the steady states with σ at any given G by
solving this equation for χ, and substituting it in (17) and (18). However, this
approach can only be implemented numerically. It is more convenient to solve
(27) for σ, thus obtaining
σ(χ,G) = κ1
χ
δm(G)f(χ)− χ
. (28)
The variation of the steady state ǫ, γ, and χ with σ is then given by the
parametric curves, {σ(χ,G), ǫ(χ,G)}, {σ(χ,G), γ(χ,G)}, and {σ(χ,G), χ)},
respectively, where ǫ(χ,G), γ(χ,G), and σ(χ,G) are given by (17), (18), and
(28), respectively.
Figure 7a shows the variation of the steady state ǫ and γ with σ at G = 0.
Both variables are bistable over the very same ∼10-fold range of extracellular
TMG concentrations. Furthermore, the GFP intensity and enzyme activity of
the induced cells are identical (ǫ, γ ≈ 1), but the GFP intensity of non-induced
cells is significantly higher than their enzyme activity.
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Figure 8. Variation of the on and off thresholds in the absence of diffusive influx and
carrier efflux. (a) Variation of the on threshold (upper full curve) and off threshold
(lower full curve) with δm. The dashed vertical lines represent the values of δm at
which the thresholds become infinitely large. The dotted vertical lines represent the
values of δm at G = 0 and G = 1000 µM. (b) If δm = 10 < 1/fχ(χ2), there is
no bistability. (c) If δm = 80, which lies between 1/fχ(χ1) and 1/fχ(χ2), there is
bistability, but no on threshold. (d) Variation of the off threshold (lower curve) and
on threshold (upper curve) with the glucose concentration, G.
The foregoing trends can be understood in terms of the variation of the intra-
cellular TMG levels with σ (Fig. 7b). In non-induced cells, the GFP intensity
is significantly higher than the enzyme activity because the intracellular TMG
levels are so small compared to K−1x that the reporter and native lac operons
are transcribed at their basal rates. Since the reporter lac operon lacks O2,
its basal transcription rate, 1/(1 + α + αˆG) = 1/170, is ∼7 times higher than
that of the native lac operon, 1/(1 + α + αˆ) = 1/1241. In induced cells, on
the other hand, the inducer levels are so high that the repressor is completely
inactivated, and both operons are transcribed at the very same (maximal)
rates. Finally, the thresholds for ǫ and γ are the same because (17) and (18)
imply that ǫ and γ are increasing functions of χ. Hence
dσ
dǫ
=
dσ
dχ
dχ
dǫ
,
dσ
dγ
=
dσ
dχ
dχ
dγ
are zero precisely when dσ/dχ = 0. Since dσ/dχ is zero at σ ≈ 0.03 and
σ ≈ 0.3, so are dσ/dǫ and dσ/dγ.
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We are particularly interested in the variation of the on and off thresholds with
G, the concentration of extracellular glucose. In this regard, it is worth noting
two points. First, since ǫ and γ always have the same thresholds, it suffices to
focus on either one of these variables. In the simulations that follow, we present
only the enzyme activities. Second, although we are interested in the variation
of the thresholds with G, we shall begin by determining their variation with
δm. As we show below, this immediately yields their variation with G because
δm is a monotonically decreasing function of G.
In the absence of the carrier efflux, the bifurcation condition (22) becomes
1− δmfχ
σ
κ1 + σ
= 0. (29)
The thresholds satisfy (27) and (29), which imply that
χ−
f
fχ
= 0. (30)
It is shown in Appendix B that (30) has exactly two positive roots, χ1 < χ2,
and they satisfy the relation, fχ(χ1) < fχ(χ2). The loci of the on and off
thresholds are therefore given by the equations
σ =
κ1
δmfχ(χ1)− 1
, σ =
κ1
δmfχ(χ2)− 1
, (31)
which define two decreasing curves on the δmσ-plane (Fig. 8a). Furthermore:
• The on and off thresholds become infinitely large when δm approaches
1/fχ(χ1) and 1/fχ(χ2), respectively (dashed lines in Fig. 8a).
• When δm ≫ 1/fχ(χ1) > 1/fχ(χ2), (31) reduces to
σ ≈
(
κ1
fχ(χ1)
)
1
δm
, σ ≈
(
κ1
fχ(χ2)
)
1
δm
.
Thus, the curves are hyperbolic, and the ratio of the on threshold to the off
threshold equals the constant, fχ(χ2)/fχ(χ1).
Taken together, these results imply that if δm > 1/fχ(χ1), there is bistability
with finite on and off thresholds (Fig. 7); if δm < 1/fχ(χ2), there is no bista-
bility (Fig. 8b); and finally, if 1/fχ(χ2) < δm < 1/fχ(χ1), there is bistability
with a finite off threshold, but no on threshold (Fig. 8c). We shall elaborate
on the last case shortly.
The variation of the off and on thresholds with the glucose level, G, follows
immediately from Fig. 8a. Indeed, as G increases from 0 to 1000 µM, δm ≡
δm0φ decreases from δm0 to δm∞ ≡ δm0φ|G=1000, shown by the dotted vertical
lines in Fig. 8a. It follows that as G increases, the on and off thresholds as well
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as the ratio of the on to off threshold increase. Furthermore, the off threshold
exists for all 0 ≤ G ≤ 1000 µM, whereas the on threshold ceases to exist for
some G < 1000 µM.
We can get explicit expressions for the variation of the thresholds with G by
letting δm = δm0φ(G) in (31), thus obtaining
σ =
κ1
δm0φ(G)fχ(χ1)− 1
, σ =
κ1
δm0φ(G)fχ(χ2)− 1
.
Since φ decreases with G, σ increases with G. Thus, on the Gσ-plane, the
thresholds are represented by two increasing curves (Fig. 8d). As expected,
these curves diverge with increasing glucose levels, with the on threshold be-
coming unbounded at G ≈ 100 µM.
The disappearance of the on threshold at intermediate values of δm is an exam-
ple of irreversible bistability (Laurent and Kellershohn, 1999, p. 421). Indeed,
it is evident from Fig. 8c that synthesis of the enzymes in induced cells can be
switched off by gradually decreasing the extracellular inducer concentration.
However, once the enzyme synthesis has been switched off in this manner, it
cannot switched on again by any gradual increase of the extracellular inducer
concentration. Irreversible bistability is thought to play an important role in
development because it furnishes a mechanism for changing the cellular pheno-
type permanently. However, it is biologically implausible in the case of the lac
operon. Due to the existence of the diffusive influx, non-induced (and in fact,
even cryptic cells) can always be induced by exposing them to sufficiently
high extracellular inducer levels (Fig. 4a). We show below that irreversible
bistability disappears in the presence of the diffusive influx.
3.2.2 Diffusive influx, but no carrier efflux
In the absence of the carrier efflux, (21) becomes
χ = σ + δm(G)f
σ
κ1 + σ
, (32)
which can be solved for σ to obtain
σ(χ,G) =
1
2
[
− (κ1 + δmf − χ) +
√
(κ1 + δmf − χ)
2 + 4κ1χ
]
. (33)
The variation of the steady state ǫ, γ, and χ with σ is given by the parametric
curves, {σ(χ,G), ǫ(χ,G)} and {σ(χ,G), χ)}, respectively, where ǫ(χ,G) and
σ(χ,G) are given by (17) and (33), respectively.
Figure 9a compares the variation of the steady state permease activities with
σ at G = 0 in the presence (full curve) and absence (dashed curve) of the
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Figure 9. Comparison of the steady states at G = 0 in the presence (full lines)
and absence (dashed lines) of the diffusive influx. (a) Variation of the steady state
permease activity, ǫ, with the extracellular TMG level, σ. (b) Variation of the steady
state intracellular TMG concentration, χ, with the extracellular TMG level, σ.
diffusive flux. It is evident that the diffusive flux has no effect on the off
threshold, but it significantly reduces the on threshold. The physical reason
for this is as follows. The off threshold is a property of the induced cells.
These cells contain such high permease levels that the diffusive influx makes
virtually no contribution to the accumulation of TMG (see upper branches
of the curves in Fig. 9b). In contrast, the on threshold is a property of the
non-induced cells, which contain such low enzyme levels that the diffusive
influx significantly improves the accumulation of TMG (see lower branches of
the curves in Fig. 9b). This enhanced accumulation of TMG decreases the on
threshold.
We have shown above that in the absence of glucose, the diffusive influx influ-
ences only the on threshold. Is this true even in the presence of glucose? We
can address this question by constructing the loci of the on and off thresholds
on the δmσ-plane. To this end, observe that the thresholds satisfy the equilib-
rium condition (32) and the bifurcation condition (29). These two equations
can be solved for σ and δm to obtain the relations
σ(χ) = χ−
f
fχ
, (34)
δm(χ) =
1
fχ
[
1 +
κ1
σ(χ)
]
, (35)
which provide the parametric representation, {δm(χ), σ(χ)}, of the thresholds
on the δm, σ-plane. The full curve in Fig. 10a shows a plot of this represen-
tation. It consists of an upper branch and a lower branch, which represent
the on and off thresholds, respectively. Since these two branches meet in a
cusp, bistability is reversible whenever it exists: Either both or none of the
thresholds occur at any given δm. As expected, irreversible bistability, which
corresponds to the existence of only one of the thresholds, disappears in the
presence of the diffusive flux. Importantly, this conclusion does not depend
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(a) (b)
Figure 10. Variation of the on and off thresholds in the presence of the diffusive
influx. (a) Variation of the on and off thresholds with δm. The lower and upper full
curves, defined by (34) and (35), represent the off and on thresholds, respectively,
in the presence of the diffusive influx. The full circle shows the cusp at which the
thresholds merge. The lower and upper dashed curves, defined by (31), represent
the off and on thresholds, respectively, in the absence of the diffusive influx. The
dotted vertical lines show the values of δm at G = 0 and G = 1000 µM. (b) Variation
of the off threshold (lower curve) and on threshold (upper curve) with the glucose
concentration, G.
on the precise values of the parameter values chosen for the simulations. It
is shown in Appendix C that the geometry of the curves representing the
thresholds is preserved, regardless of the parameter values.
To address the question posed above, it is useful to compare the thresholds in
the presence of the diffusive influx with those obtained in its absence (dashed
curves in Fig. 10a). This comparison shows that there are 3 distinct regimes.
When δm & 2000, the full and dashed curves coincide, i.e., the diffusive in-
flux has no effect on both thresholds. At large δm, the permease is so active
that even in the non-induced cells, the diffusive influx makes no contribution
to inducer accumulation. When 100 . δm.2000, the lower full and dashed
curves coincide, but the upper full curve is significantly lower than the upper
dashed curve. The influence of the diffusive influx is therefore identical to that
observed at G = 0: It has no effect on the off threshold, and significantly de-
creases the on threshold. At these intermediate δm, the enzyme activity of the
induced cells remains so large that the diffusive influx makes no contribution
to inducer accumulation, but the enzyme activity of the non-induced cells be-
comes so small that the diffusive influx does enhance inducer accumulation.
Finally, when δm . 100, the enzyme activity becomes so small that the diffu-
sive flux contributes significantly to inducer accumulation in both non-induced
and induced cells. In fact, at sufficiently small δm, the inducer accumulates al-
most entirely by diffusion, i.e., χ ≈ σ. Since the intracellular TMG level is
independent of the enzyme level, there is no positive feedback, and hence, no
bistability. This is manifested in Fig. 10a by the formation of a cusp at which
the two thresholds merge.
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The qualitative variation of the thresholds with the glucose concentration can
be inferred from Fig. 10a. Indeed, as the glucose concentration is increased
from 0 to 1000 µM, δm decreases from δm0 to δm∞, shown by the dotted lines
in the figure. Evidently, as G increases, both thresholds increase, but the ratio
of the on to off threshold decreases (in contrast to the increase observed in the
absence of diffusive flux).
The quantitative variation of the thresholds with G is obtained by observing
that (35) yields
φ(G) =
1
δm0fχ
[
1 +
κ1
σ(χ)
]
⇒ G(χ) = φ−1
[
1
δm0fχ
{
1 +
κ1
σ(χ)
}]
. (36)
The locus of the thresholds on the Gσ-plane is therefore given by the para-
metric representation, {G(χ), σ(χ)}, where G(χ) and σ(χ) are given by (36)
and (34), respectively. Figure 10b shows that this representation yields two
increasing curves that approach each other as G increases.
3.2.3 Carrier efflux, but no diffusive influx
In this case, (21) becomes
χ =
δm(G)f(χ)σ/(κ1 + σ)
1 + δm(G)f(χ)/κ2
, (37)
which can be solved for σ to obtain
σ(χ,G) = κ1
χ [1/(δmf) + 1/κ2]
1− χ [1/(δmf) + 1/κ2]
. (38)
The variation of the steady state ǫ and χ with σ is given by the parametric
curves, {σ(χ,G), ǫ(χ,G)} and {σ(χ,G), χ)}, respectively, where ǫ(χ,G) and
σ(χ,G) are given by (17) and (38), respectively.
Figure 11a shows the variation of the enzyme activity with σ at G = 0 in
the presence (full curve) and absence (dashed curve) of the carrier influx. Ev-
idently, the carrier efflux has no effect on the on threshold, but it significantly
increases the off threshold. This is because κ2 is so large that the carrier ef-
flux is negligible in non-induced cells, which contain relatively small enzyme
and inducer levels (Fig. 11b). However, the carrier efflux significantly reduces
the the intracellular TMG level of the induced cells. The net effect of this
reduction is to increase the off threshold of the induced cells.
It is instructive once again to study the variation of the thresholds with δm. The
thresholds satisfy the equilibrium condition (37) and the bifurcation condition
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Figure 11. Comparison of the steady states at G = 0 in the presence (full lines) and
absence (dashed lines) of the carrier efflux. (a) Variation of the steady state enzyme
activity with the extracellular TMG level. (b) Variation of the intracellular TMG
concentration with the extracellular TMG level.
(22), which can be solved for δm and σ to obtain
δm(χ) =
κ2
f
(
χfχ
f
− 1
)
, (39)
σ(χ) = κ1
χ2fχ
δm(χ)f 2 − χ2fχ
. (40)
These relations define the parametric representation, {δm(χ), σ(χ)}, of the
bifurcation curve on the δmσ-plane.
Figure 12a compares the thresholds in the presence of carrier efflux (full curves)
with those obtained in its absence (dashed curves). Evidently, when δm . 100,
the carrier efflux has no effect on both thresholds. Under this condition, the
enzyme activity and the intracellular TMG level are so small that carrier efflux
is negligible even in the induced cells. As δm increases, carrier efflux from
the induced cells becomes more significant, and the off threshold becomes
progressively larger than that predicted in the absence of the carrier flux.
When δm & 10
4, the enzyme activity is so large that even the non-induced
cells are subject to carrier efflux. At sufficiently large δm, the off threshold
merges with the on threshold at a cusp, beyond which there is no bistability.
The bistability disappears because under this condition, the intracellular TMG
level is
χ ≈ κ2
σ
κ1 + σ
,
which is independent of the enzyme level. The destabilizing effect of positive
feedback therefore vanishes, and the prospect of bistability is eliminated.
Once again, the qualitative variation of the thresholds with G can be inferred
from Fig. 12a. As G increases from 0 to 1000 µM, δm decreases from δm0 to
δm∞, shown by the dotted lines in the figure. Evidently, as G increases, so
do the on and off thresholds, as well as the ratio of the on to off threshold.
Furthermore, since diffusive influx is absent, there is irreversible bistability:
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Figure 12. Variation of the on and off thresholds in the presence of the carrier efflux.
(a) Variation of the on and off thresholds with δm. The lower and upper full curves,
defined by (39) and (40), represent the off and on thresholds, respectively, in the
presence of the carrier efflux. The full circle shows the cusp at which the thresholds
merge. The lower and upper dashed curves, defined by (31), represent the off and on
thresholds, respectively, in the absence of the carrier efflux. The dotted vertical lines
show the values of δm at G = 0 and G = 1000 µM. (b) Variation of the off threshold
(lower curve) and on threshold (upper curve) with the glucose concentration, G.
The off threshold exists for all G, whereas the on threshold disappears at some
G < 1000 µM.
The quantitative variation of the thresholds with G follows from (39), which
yields
φ(G) =
κ2
δm0f
(
χfχ
f
− 1
)
⇒ G(χ) = φ−1
[
κ2
δm0f
(
χfχ
f
− 1
)]
. (41)
The variation of the thresholds with G is given by the parametric representa-
tion, {G(χ), σ(χ)}, where G(χ) and σ(χ) are given by (41) and (40), respec-
tively. This representation defines two increasing curves departing from each
other (Fig. 12b).
We conclude by observing that the geometry of the thresholds (full curves in
Figure 12a) does not depend on the precise values of the parameters used in
the simulations (see Appendix D for details).
3.2.4 Diffusive influx and carrier efflux
In this case, the steady state intracellular TMG level is given by (21), which
can be solved for σ to obtain
σ(χ,G) =
1
2
[
− (κ1 + δmf − p) +
√
(κ1 + δmf − p)
2 + 4κ1p
]
, (42)
where p ≡ χ (1 + δmf/κ2). The variation of the steady state ǫ and χ with σ is
given by the parametric curves, {σ(χ,G), ǫ(χ,G)} and {σ(χ,G), χ)}, respec-
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Figure 13. Comparison of the steady states of the general model (full curves) with
the steady states in the presence of diffusive flux (short-dashed curves) and carrier
efflux (long-dashed curves). (a) Variation of the enzyme activity with the extra-
cellular TMG level. (b) Variation of the intracellular TMG concentration with the
extracellular TMG level.
tively, where ǫ(χ,G) and σ(χ,G) are given by (17) and (42), respectively.
Fig. 13 compares the steady state profiles obtained at G = 0 in the presence
of the diffusive influx and carrier efflux (full curves) with those obtained in the
presence of the diffusive influx only (short-dashed curves) and the carrier efflux
only (long-dashed curves). It is evident that the upper and lower branches
of the steady state curve, representing the induced and non-induced cells,
respectively, are a composite of the steady states obtained in the presence of
the diffusive influx and carrier efflux. Indeed, the lower branch of the full curve
coincides with the lower branch of short-dashed curve, and the upper branch
of the full curve coincides with the upper branch of the long-dashed curve. It
follows that the steady states and threshold of the non-induced (resp., induced)
cells is well approximated by the model accounting for only the diffusive flux
(resp., carrier efflux). The reason for this is clear from the above discussion
of the special cases. In the absence of glucose, the diffusive influx influences
the TMG accumulation of non-induced cells only — it is vanishingly small
in induced cells. Likewise, carrier efflux influences the TMG accumulation of
induced cells only — it plays no role in non-induced cells.
The foregoing arguments were based on the steady state profiles obtained
at G = 0, i.e., δm = δm0. It turns out that they are true at almost all δm.
This becomes clear if we compare the thresholds for the general case with the
thresholds obtained in the presence of diffusive influx or carrier efflux. The
thresholds for the general case satisfy (21) and (22), which can be rewritten
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Figure 14. Variation of the on and off thresholds in the presence of the diffusive influx
and the carrier efflux. (a) Variation of the on and off thresholds with δm. The lower
and upper full curves, defined by (43) and (44), represent the off and on thresholds,
respectively, in the presence of diffusive influx and carrier efflux. The full circles
show the cusps at which the thresholds merge. The short-dashed curves, defined by
(34) and (35), represent the thresholds in the presence of the diffusive influx only.
The long-dashed curves, defined by (39) and (40), represent the thresholds in the
presence of the carrier efflux only. The dotted vertical lines show the values of δm
at G = 0 and G = 1000 µM. (b) Variation of the on and off thresholds with the
glucose concentration, G.
as
0 = σ2
[
χfχ + f
κ2
− fχ
]
+ σ
[
(χfχ − f)−
κ1 (f + χfχ)− χ
2fχ
κ2
]
−
κ1χ
2fχ
κ2
,
(43)
δm =
1
σ
κ1+σ
fχ −
1
κ2
(χfχ + f)
. (44)
The first equation can be solved to obtain σ(χ), which can then be substituted
in (44) to obtain δm(χ). These functions determine the thresholds via the
parametric representation, {δm(χ), σ(χ)}.
Figure 14a compares the thresholds thus obtained (full curves) with the thresh-
olds obtained in the presence of diffusive influx (short-dashed curves) and car-
rier efflux (long-dashed curves). The thresholds exist only on a finite interval
— they terminate in a cusp at both small and large δm. Over almost its en-
tire range of existence, the upper branch of the full curve overlaps with the
upper branch of the short-dashed curve, which represents the on threshold in
the presence of the diffusive flux. Likewise, the lower branch of the full curve
coincides with the lower branch of the long-dashed curve, which represents
the off threshold in the presence of the carrier flux. Thus, the thresholds of
the general case are a composite of the two special cases. The on (resp., off)
threshold is well approximated by (34) and (35) [resp., (39) and (40)], which
represent the thresholds in the presence of only the diffusive flux (resp., carrier
efflux).
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Figure 15. Comparison of the observed and predicted effects of inducer exclu-
sion in S. typhimurium SB3939 transfected with a plasmid encoding the lac
operon (Mitchell et al., 1982, Fig. 5A). The open triangles show the steady state in-
tracellular TMG level in cells induced to various levels, and exposed to a carbon-free
medium containing 1 mM TMG. The full triangles show the intracellular TMG level
attained if the medium contains 1 mM TMG and 10 mM α-methylglucoside. The
full curve shows the fit to the data obtained with Eq. (45) and the parameter val-
ues, φs|G=0 = 1, kx = 0.14 min
−1, s = 1 mM, K1 = 0.8 mM, and K2 = 41 mM.
The dashed curve shows the fit to the data with the same equation and parameter
values, the only difference being that φs|G=10mM = 0.5.
It is evident from Fig. 14a that asG increases, both thresholds increase, but the
ratio of on to off thresholds can increase, decrease, or pass through a maximum.
For the parameter values shown in Table 1, δm0 and δm∞ are such that the
ratio passes through a maximum. The precise variation of the thresholds with
G is given by the parametric curve, {G(χ), σ(χ)}, where
G(χ) = φ−1

 1
δm0
{
σ
κ1+σ
fχ −
1
κ2
(χfχ + f)
}

 ,
a relation that follows immediately from (44). This parametric curve consists of
two increasing curves that diverge at low glucose concentrations, and converge
at high glucose concentrations (Fig. 14b).
3.2.5 Comparison of the model simulations with the data for TMG
Comparison of the model simulations (dashed lines in Fig. 2b) with the data
shows that the simulated off thresholds are higher, and the simulated on
thresholds are lower, than the corresponding thresholds observed experimen-
tally. Part of this discrepancy probably stems from the fact that the parameter
values, which correspond to various strains of E. coli, are somewhat different
from those shown in Table 1. However, the analysis of the data suggests that
there are two additional sources of the discrepancy.
Dependence of φs on the the enzyme activity The model assumes that
the effect of inducer exclusion, characterized by the function φs, is completely
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determined by the extracellular glucose level. However, the data in Fig. 15
implies that φs also depends on the activity of the permease. The open tri-
angles in the figure show the steady state intracellular TMG levels in cells
induced to various levels, and then exposed to a carbon-free medium contain-
ing 1 mM TMG. The full triangles show the steady state intracellular levels
attained when the carbon-free medium contains 1 mM TMG and 10 mM α-
methylglucoside (αMG), a non-metabolizable analog of glucose that mimics
its inducer exclusion effect. It is clear from the data that inducer exclusion
is significant in cells containing low enzyme levels, but it disappears in fully
induced cells.
If φs is completely determined by the extracellular glucose concentration, there
is no combination of model parameters that can capture the data in Fig. 15. To
see this, observe that the data was obtained in a carbon-free medium, which
prevents efficient enzyme synthesis. The appropriate equation for modeling
the data is therefore given by the following variant of Eq. (5)
0 = V φs
(
s
K1 + s
−
x
K2 + x
)
− kx (x− s)⇔ V =
1
φs(G)
kx(x− s)
s
K1+s
− x
K2+x
. (45)
Since the extracellular TMG level, s, is constant (1 mM), the above equation
implies that at any given x, the enzyme activity in the absence of αMG (or
glucose) is φs(G) times the activity in the presence of αMG. This contradicts
the data. At x ≈ 30 mM, for instance, the enzyme activity in the absence of
αMG is roughly half the activity in the presence of 10 mM αMG. However, at
x ≈ 40 mM, the activities are the same in the absence and presence of αMG.
The molecular explanation for the data in Fig. 15 suggests that φs depends
not only on G, but also on the prevailing enzyme level (Mitchell et al., 1982).
Indeed, inducer exclusion occurs because the uptake of αMG or glucose results
in the formation of dephosphorylated enzyme IIAglc (a transport enzyme for
glucose), which inhibits lac permease by binding to it. In fully induced cells,
the permease level is so high that most of it is essentially free of IIAglc. As the
permease level decreases, so does the inhibition due to LacY-IIAglc binding. 3
Thus, the magnitude of the inducer exclusion effect depends on the prevailing
permease level.
The model, which ignores the dependence of φs on the permease level, pro-
vides a good fit to the data obtained in the absence of α-MG (full line in
Fig. 15). However, it fails to capture the data obtained in the presence of α-
MG (dashed line in Fig. 15). It overestimates the inducer exclusion effect in
induced cells, and underestimates this effect in cells containing lower enzyme
levels. Consequently, the observed off threshold is expected to be lower, and
3 No data was obtained at scaled enzyme activities below ∼ 0.25 because the re-
combinant strain used in these experiments was quasi-constitutive.
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Figure 16. Variation of the specific growth rate due to induction of lac. (a) During
growth of E. coli B in the presence of succinate and TMG, full induction of the cells
reduces the specific growth by∼30% (Novick and Weiner, 1957, Table 2). (b) During
growth of E. coli K12 MG1655 in the presence of glycerol and IPTG, full induction
reduces the specific growth rate by only ∼5% (Dekel and Alon, 2005, Fig. 2a).
the observed on threshold is expected to be higher, than the corresponding
thresholds predicted by the model.
Dependence of rg,0 on the enzyme activity The model assumes that
in the absence of glucose, the specific growth rate is a fixed constant, rg,0.
However, the data shows that the specific growth rate varies significantly with
the enzyme level of the cells (Fig. 16a). When the cells are exposed to 0.5 mM
TMG, the specific growth rate is ∼30% lower than that of non-induced cells,
and the graph suggests that the specific growth rate declines further at higher
extracellular TMG levels. The reduced specific growth rate of the induced cells
serves to decrease the off threshold because the lower the specific growth rate,
the higher the enzyme and intracellular TMG levels.
In earlier work, we studied the dynamics of growth on lactose (Narang and Pilyugin,
2007). There, we showed that bistability is suppressed during growth on lac-
tose because the specific growth rate increases with the enzyme level, thus
enhancing the stabilizing effect of dilution. Since the specific growth rate de-
creases with the enzyme level during growth on TMG, it is plausible to expect
that in this case, the stabilizing effect of dilution is depressed, and the bistable
regime is enlarged.
3.2.6 Comparison of the model simulations with the data for IPTG
The above arguments suggest that the discrepancy between the data and the
simulations would be reduced if the experiment was performed in the absence
of glucose with a gratuitous inducer that does not result in a significant reduc-
tion of the specific growth rate. This conclusion seems to be consistent with
the data.
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Figure 17. Comparison of the data and the simulation for bistability with IPTG.
(a) Variation of the observed steady state β-galactosidase activity of E. coli K12
with extracellular IPTG levels at G = 0 (Laurent et al., 2005, Fig. 7). (b) Variation
of the simulated enzyme activity with extracellular IPTG levels at G = 0. The
dissociation constant, K−1x , was assumed to be 7 µM. All other parameters were
assumed to be the same as those used for simulating the experiments with TMG.
It turns out that when the cells are grown in the presence of IPTG, the specific
growth rate of the induced cells is only ∼5% smaller than the specific growth
rate of the non-induced cells (Fig. 16b). Recently, Laurent et al. measured the
variation of the enzyme activity with the extracellular IPTG levels in the ab-
sence of glucose (Fig. 17a). They found that the mean activity does not display
the discrete all-or-none response observed by Ozbudak et al. (presumably due
to the physiological heterogeneity of the cells and the inherent stochasticity
of the induction process). However, there is clear evidence of bistability in
the 5-fold range, 0.3–1.5 µM, which is significantly smaller than the 10-fold
range shown in Fig. 2a. The IPTG concentrations supporting bistability are
significantly smaller than those observed by Ozbudak et al — the off and on
thresholds are 0.3 and 1.5 µM (compared to 3 and 30 µM in Fig. 2a). This
is because the affinity of IPTG for the repressor is an order of magnitude
higher than that for TMG. Simulation of the model with K−1x = 7 µM yields
results that are in reasonable agreement with the data obtained by Laurent et
al (Fig. 17b).
It remains to be seen if an extension of the model, accounting for the depen-
dence of φg and rg,0 on the prevailing enzyme level, can resolve the discrepancy
with respect to the data for TMG.
4 Conclusions
Analysis of the experimental data shows that the diffusive influx and carrier
efflux have a profound effect on inducer accumulation in non-induced and
induced cells, respectively. Since bistability entails the coexistence of steady
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states corresponding to both non-induced and induced cells, neither one of
these fluxes can be neglected. We analyzed a model of lac bistability taking
due account of the diffusive influx and carrier efflux. We find that:
(1) The diffusive influx decreases the on threshold.
(2) The carrier influx increases the off threshold.
(3) Over a wide range of permease activities, the diffusive influx has no ef-
fect on the off threshold, and the carrier efflux has no effect on the on
threshold. Since each of these fluxes influences only one of the thresholds,
the combined effect of these fluxes can be captured by simple analytical
expressions corresponding to two limiting cases.
(4) Simulations of the model show good agreement with the data for IPTG.
(5) There is a significant discrepancy with respect to the data for TMG.
Analysis of the data suggests that this discrepancy is due to the depen-
dence of the inducer exclusion effect and the specific growth rate on the
prevailing lactose enzyme levels.
Acknowledgements
This research was supported in part with funds from the National Science
Foundation under contract NSF DMS-0517954. We are grateful to Stefan
Oehler (IMBB-FoRTH) for discussions regarding the regulation of the lac
operon.
References
Babloyantz, A., Sanglier, M., 1972. Chemical instabilities of “all-or-none” type
in β-galactosidase induction and active transport. FEBS Lett. 23, 364–366.
Barkley, M. D., Riggs, A. D., Jobe, A., Burgeois, S., Apr 1975. Interaction
of effecting ligands with lac repressor and repressor-operator complex. Bio-
chemistry 14 (8), 1700–1712.
Chung, J. D., Stephanopoulos, G., 1996. On physiological multiplicity and
population heterogeneity of biological systems. Chem. Eng. Sc. 51, 1509–
1521.
Cohn, M., Horibata, K., 1959. Inhibition by glucose of the induced synthesis
of the β-galactoside-enzyme system of Escherichia coli. Analysis of mainte-
nance. J. Bacteriol. 78, 601–612.
Dekel, E., Alon, U., Jul 2005. Optimality and evolutionary tuning of the ex-
pression level of a protein. Nature 436 (7050), 588–592.
Herzenberg, L. A., Feb 1959. Studies on the induction of β-galactosidase in a
cryptic strain of Escherichia coli. Biochim Biophys Acta 31 (2), 525–538.
32
Jacob, F., Monod, J., 1961. Genetic regulatory mechanisms in the synthesis
of proteins. J. Mol. Biol. 3, 318–356.
Koch, A. L., Jan 1964. The role of the permease in transport. Biochim Biophys
Acta 79, 177–200.
Kuhlman, T., Zhang, Z., Saier, M. H., Hwa, T., Apr 2007. Combinatorial
transcriptional control of the lactose operon of Escherichia coli. Proc Natl
Acad Sci U S A 104 (14), 6043–6048.
Laurent, M., Charvin, G., Guespin-Michel, J., Dec 2005. Bistability and hys-
teresis in epigenetic regulation of the lactose operon. Since Delbru¨ck, a long
series of ignored models. Cell Mol Biol (Noisy-le-grand) 51 (7), 583–594.
Laurent, M., Kellershohn, N., Nov 1999. Multistability: a major means of dif-
ferentiation and evolution in biological systems. Trends Biochem Sci 24 (11),
418–422.
Lewis, M., Jun 2005. The lac repressor. C R Biol 328 (6), 521–548.
Maloney, P. C., Wilson, T. H., Dec 1973. Quantitative aspects of active trans-
port by the lactose transport system of Escherichia coli. Biochim Biophys
Acta 330 (2), 196–205.
McGinnis, J. F., Paigen, K., Nov 1969. Catabolite inhibition: a general phe-
nomenon in the control of carbohydrate utilization. J Bacteriol 100 (2),
902–913.
Mitchell, W. J., Misko, T. P., Roseman, S., Dec 1982. Sugar transport by the
bacterial phosphotransferase system. regulation of other transport systems
(lactose and melibiose). J Biol Chem 257 (23), 14553–14564.
Monod, J., 1947. The phenomenon of enzymatic adaptation and its bearings
on problems of genetics and cellular differentiation. Growth 11, 223–289.
Narang, A., 2007. Effect of DNA looping on the induction kinetics of the lac
operon. J. Theoret. Biol., 247, 695–712.
Narang, A., Konopka, A., Ramkrishna, D., 1997. New patterns of mixed sub-
strate growth in batch cultures of Escherichia coli K12. Biotech Bioeng 55,
747–757.
Narang, A., Pilyugin, S. S., October 2007. Bistability of the lac operon during
growth of Escherichia coli on lactose or lactose + glucose., Bull. Math. Biol.,
accepted.
Novick, A., Weiner, M., 1957. Enzyme induction as an all-or-none phe-
nomenon. Proc. Nat. Acad. Sci. USA 43, 553–566.
Oehler, S., Alberti, S., Mu¨ller-Hill, B., 2006. Induction of the lac promoter in
the absence of DNA loops and the stoichiometry of induction. Nucleic Acids
Res 34 (2), 606–612.
Oehler, S., Amouyal, M., Kolkhof, P., von Wilcken-Bergmann, B., Mu¨ller-Hill,
B., Jul 1994. Quality and position of the three lac operators of E. coli define
efficiency of repression. EMBO J 13 (14), 3348–3355.
Oehler, S., Eismann, E. R., Kra¨mer, H., Mu¨ller-Hill, B., Apr 1990. The three
operators of the lac operon cooperate in repression. EMBO J 9 (4), 973–979.
Ozbudak, E. M., Thattai, M., Lim, H. N., Shraiman, B. I., van Oudenaarden,
A., 2004. Multistability in the lactose utilization network of Escherichia coli.
33
Nature 427, 737–740.
Santilla´n, M., Mackey, M. C., Zeron, E. S., Jun 2007. Origin of bistability in
the lac operon. Biophys J 92 (11), 3830–3842.
Spiegelman, S., 1948. Differentiation as the controlled production of unique
enzymatic patterns. In: Danielli, J. F., Brown, R. (Eds.), Growth in relation
to differentiation and morphogenesis. No. II in Symposium of the Society
for Experimental Biology. Academic Press, pp. 286–325.
Tian, T., Burrage, K., 2005. A mathematical model for genetic regulation of
the lactose operon. In: Gervasi, O., Gavrilova, M. L., Kumar, V., Lagana,
A., Lee, H. P., Mun, Y., Taniar, D., Tan, C. J. K. (Eds.), Lecture Notes in
Computer Science. Vol. 3841. Springer.
van Hoek, M. J. A., Hogeweg, P., Oct 2006. In silico evolved lac operons
exhibit bistability for artificial inducers, but not for lactose. Biophys J 91 (8),
2833–2843.
Vilar, J. M. G., Guet, C. C., Leibler, S., May 2003. Modeling network dynam-
ics: the lac operon, a case study. J Cell Biol 161 (3), 471–476.
Yagil, G., Yagil, E., 1971. On the relation between effector concentration and
the rate of induced enzyme synthesis. Biophys. J. 11, 11–27.
A Necessary condition for a bifurcation
The Jacobian of Eqs. (11)–(14) at any steady state is


− 1
τx
(
φδm0f
κ2
+ 1
)
− φg
φsδm0
τx
(
σ
σ+κ1
− χ
κ2
)
0 0
φefχ −φg 0 0
φehχ 0 −φg 0
0 0 0 −φg


.
Evidently, two of the eigenvalues are −φg. Hence, the steady state is stable if
and only if the remaining two eigenvalues corresponding to the submatrix

− 1τx
(
φδm0f
κ2
+ 1
)
− φg
φsδm0
τx
(
σ
σ+κ1
− χ
κ2
)
φefχ −φg


have negative real parts. Since the trace is always negative, stability results
whenever the determinant is positive. Hence, the necessary condition for a
bifurcation is that the determinant be zero, that is,
φg
τx
(
φδm0f
κ2
+ 1
)
+ φ2g =
φsφefχδm0
τx
(
σ
σ + κ1
−
χ
κ2
)
.
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Figure B.1. There are exactly two lines passing through the origin (dashed lines)
that are tangential to the graph of f (full curve). The slopes of these lines are
f(χ1)/χ1 = fχ(χ1) and f(χ2)/χ2 = fχ(χ2).
Since φ2g ≪ φg/τx, the bifurcation condition can be approximated by the
relation
1 +
δmf
κ2
− fχδm
(
σ
σ + κ1
−
χ
κ2
)
= 1 + δm
[
1
κ2
(f + χfχ)−
σ
σ + κ1
fχ
]
= 0,
where φ ≡ φsφe/φg and δm ≡ φδm0. This is the same as Eq. (22).
The asymptotic dynamics of Eqs. (11)–(14) reduces to the stability analysis of
its steady states. Indeed, Eqs. (11)–(12) are uncoupled from equations (13)–
(14). A direct calculation shows that the subsystem (11)–(12) has a negative
divergence (i.e. the trace of the Jacobian is negative) in the entire state space.
An application of the Bendixson-Dulac criterion eliminates the possibility of
periodic orbits and saddle connections, hence any solution (χ, ǫ) of (11)–(12)
converges to some steady state. It follows immediately that the solution (γ, ρ)
of (13)–(14) also converges to the corresponding steady state.
B The positive roots of Eq. (30)
We wish to show that q(χ) ≡ χ− f/fχ has exactly 2 positive roots, χ1 < χ2,
and is positive if and only if χ1 < χ < χ2. This assertion has the a simple
geometric interpretation. Since f(χ) is a sigmoidal function for sufficiently
large α and αˆ, there are only two lines passing through the origin that touch
the graph of f , and they do so at the two points, χ1 and χ2 (Fig. B.1).
Furthermore, for any χ1 < χ < χ2, the slope of the line passing through (0, 0)
and (χ, f(χ)) is smaller than fχ.
The formal proof is obtained by observing that q(0) = −f(0)/fχ(0) < 0, and
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Figure C.1. Geometry of the δm(χ) and σ(χ) in the case of diffusive influx.
at large χ,
q(χ) = χ−
1 + χ
2
1 + α/ (1 + χ)2 + αˆ/ (1 + χ)4
α/ (1 + χ)2 + 2αˆ/ (1 + χ)4
≈ χ−
χ
2
1
α/χ2
< 0.
It follows that q(χ) has at least 2 positive roots. In fact, it has exactly 2
positive roots because it has only 1 extremum on [0,∞). Indeed,
dq
dχ
= 1−
fχχf − f
2
χ
f 2χ
=
fχχf
f 2χ
,
which is zero if and only if fχχ = 0, i.e., χ = χ∗, where (χ∗, f(χ∗)) is the
unique inflection point of the sigmoidal function, f .
C Bifurcation diagram for diffusive influx
We wish to show that regardless of the parameter values, the functions, σ(χ)
and δm(χ), defined by (34) and (35), respectively, have the geometry shown
in Fig. C.1. It follows that as χ increases from χ1, σ increases and δm de-
creases until a cusp forms at the point χ = χ∗ where dσ/dχ = dδm/dχ = 0.
Beyond χ = χ∗, σ decreases and δm increases until they approach 0 and ∞,
respectively. Thus, the variation of the thresholds on the δmσ-plane has the
geometry shown in Fig. 10a, regardless of the parameter values.
Now, the geometry of σ(χ) is identical to that of q(χ), which was analyzed in
Appendix B. Hence, it suffices to show that δm(χ) has the geometry shown
in Fig. C.1. To this end, observe that (35) implies limχ→χ+
1
,χ−
2
δm(χ) = ∞.
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Figure D.1. Geometry of the δm(χ) and σ(χ) in the case of carrier efflux.
Moreover, since
dδm
dχ
= −
κ1
σ2
dσ
dχ
−
(
1 +
κ1
σ
)
fχχ
f 2χ
,
= −
dσ
dχ
[
κ1
σ2fχ
+
(
1 +
κ1
σ
)
1
f
]
,
dδm/dχ and dσ/dχ have opposite signs at all χ1 < χ < χ2, except when
χ = χ∗, at which point dδm/dχ = dσ/dχ = 0.
D Bifurcation diagram for carrier influx
We show below that regardless of the parameter values, δm(χ) and σ(χ), as
defined by (39) and (40) have the geometry shown in Fig. D.1. Hence, the
variation of the thresholds on the δmσ-plane always has the geometry shown
in Fig. 12a.
To see this, observe that since q(χ) ≡ χ − fχ/f has exactly two positive
zeros, χ1 < χ2 (Appendix B), so does δm(χ). Furthermore, δm(χ) has a unique
maximum on χ1 ≤ χ ≤ χ2. Indeed, if we let z ≡ χ+1, δm(χ) can be rewritten
as
δm(z) = −κ2
[
(z − 1)
(
1
f
)
z
+
1
f
]
= −κ2
[
2α
z3
+
4αˆ
z5
+ 1−
α
z2
−
3αˆ
z4
]
,
which implies that
dδm(z)
dz
=
2κ2
z6
[
3αz2 + 10αˆ− αz3 − 6αˆz
]
≡
2κ2
z6
b(z).
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Now, the polynomial b(z) changes sign exactly once in the interval (1,+∞)
because b(1) = 4α + 8αˆ > 0, b(z) < 0 for large z, and bzz(z) = 6α(1− z) < 0
for all z > 1 (i.e. b(z) is a concave function). Thus, the function δm(χ) has a
unique maximum.
The function, σ(χ), becomes infinite at points, 0 < χl < χu, lying within
(χ1, χ2). Indeed, (40) yields
κ1
σ
=
f 2δm(χ)
χ2fχ
− 1
so that σ →∞ if and only if
χ2fχ
f 2
= κ2
(
χfχ
f 2
−
1
f
)
⇔
χfχ
f
(
1−
χ
κ2
)
= 1.
Now, δm(χ) becomes zero if and only if χfχ/f = 1. It follows that κ2 is
sufficiently large, σ →∞ at two points, χl < χu lying within (χ1, χ2).
Finally, σ(χ) has exactly 1 extremum in (χl, χu) which is attained at the very
same value of χ that maximizes δm. Indeed,
δm
κ1
(κ1 + σ)
2
dσ
dχ
= −
(
σ
κ1 + σ
−
χ
κ2
)
dδm
dχ
,
where the term in parentheses is positive whenever δm(χ) > 0 because
σ(χ)
κ1 + σ(χ)
=
χ2f
κ2(χfχ − f)
⇒
σ(χ)
κ1 + σ(χ)
−
χ
κ2
=
χf
κ2(χfχ − f)
.
It follows that dδm/dχ and dσ/dχ have opposite signs in the interval χ1 <
χ < χ2, and the functions δm and σ attain their extrema at the same values
of χ. Since δm attains a unique maximum in the interval χ1 < χ < χ2, so does
σ.
